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Abstract. In this paper, we will consider the moments of the block operators 
of the given group von Neumann algebra L(G), where the given group G is a 
finitely presented discrete group < X : R>, where X is the generator set of G 
and R is the relation on the set X, as the set of relators. Define the canonical 
trace tr on L(G) and the W-probability space (L(G),tr) which is our free 
probabilitic object of this paper. Define the block operators T x by T x = x + 
x —1 of L(G), where x £ X. In this paper, we will compute the moments and 
the moment series of T x , for x £ X. By the computation, we can get that if 
xi and X2 are generators of presented groups < X\ : R± > and < Xi : R2 >, 
respectively, and (i) if there is n £ N such that x" £ Ri and x^ £ R2, or (ii) 
if there is no m, "2 £ N such that a;™ 1 £ Ri and x^ 2 £ R2, then the block 
operators x^+x^ 1 in L(Gi) and X2+X2 in L(G2) are identically distributed. 

The group von Neumann algebras are studied recently by various authors. Group 
von Neumann algebras are interesting objects in Operator Algebra and Free Prob- 
ability. In this paper, we will consider the moments of certain operators in group 
von Neumann algebras, where the group is presented by a finite generator set and 
a finite relation. We will take a presented group < X : R >, where X is the 
generator set and R is the relation on the group, as the nonempty set of relators. 
For instance, the symmetric group S3 can be presented by its generator set Xs 3 
and its relation Rs 3 , where 

X S3 = {a, b} 

and 

R S3 ={a 2 ,b\(abf}. 

Let H —< X : R > be a presented group and let L(H) be the group von 
Neumann algebra generated by H. i.e., 

L(H) = \(H) W = C[H] W , 

where A is the left (unitary) representation. If a G L(H) is an operator, then it 
has the Fourier expansion, 

a = ^2 a^h, for a/i G C and h G H. 

heH 
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In fact, the group element h in the previous expansion are understood as unitary 
operators Xh on the Hilbert space l 2 (H). Recall that 



hen 



where h 1 = A^-i = Ajj = h* , on l 2 (H), for all h G i?. Define the canonical trace 
tr on by 



tr (x) =tr ( J2 a h h ) = a e 

\heH 



for all xGL{H) 



where e# is the identity of H. Then we can have the M / *-probability space 
(L(H),tr) . The main purpose of this paper is to compute the moments of the 
block operators of L(H). In order to do that we observed the free monoid X* = 
(X U X- 1 ) of the group H and the corresponding combinatorial forms in X* of 
the group elements in G. (If Y is an arbitrary set, then Y' is the set of all free 
words in Y, which is called the free monoid of Y. The elements in Y' are called the 
combinatorial forms of < Y >, where < Y > is the group generated by Y.) 

Let G =< X : R > be a presented group with its generator set X — {xi, 
x N } and its relation R = {r l7 r M }. In Chapter 1, we will consider the free 
monoid X* of the group G defined by 



X* ^ U 



n=0 



X J1 ••■ X J"„ 



(j u ...,j n )e{i,...,Ny 

( Pu ..., Pn )€{l,-l} n 



which is the set of all free words of the generator set X and X -1 . When n = 0, 
the corresponding word is the empty word 0. There exists a monoid homomorphism 
7r from X* onto the given group G. Notice that, for any g £ G, there is a subset 
TT^ 1 (g) in X*. The elements w g in 7r^ 1 (g) are called the combinatorial forms of g G 
G. We will use the word problem on X* , by computing the moments of the block 
operators. 

In Chapter 2, we will compute the moments of the block operators T x = x + x^ 1 , 
for x E X, in the M / *-probability space (L(G),tr) . In particular, we have that ; 

(1) Suppose that there is no relator r t G R such that x k — r t , for all k G N. Then 



ir(T-) = 



m 

m 
2 



for all to G N, 



where 



TO 
m 
2 



m 

m 

2 



mm 



if to is even 
if to is odd. 
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(2) Suppose that there exist r t E R and n x G N such that r t — x n * . Then 



to 



if to < m 



" fcl " 




TO 


ki 


)+ 


m 


. 2 _ 




. 2 . 



if to = k\nj + k 2 , 



where fci G N and fc 2 £NU {0} such that < k 2 < n x . 

Notice that if G\ and G 2 are finitely presented groups (not necessarily distinct) 
and x\ and x 2 are generators of G\ and G 2 , respectively, and if there exists neN 
such that x™ and x 2 are relators of G\ and G 2 , respectively, then the block operators 
X\ + x^ 1 in L(G\) and x 2 + x^ 1 in L(G 2 ) are identically distributed. Also, if x\ 
and x 2 have no relators ir™ and x 2 , for n, fc £ N, then they are also identically 
distributed. 



1. Preliminaries 



In this paper, we will compute the moments of certain operators on a group 
von Neumann algebra with its canonical faithful normal trace. We will restrict our 
interests to finitely presented group von Neumann algebras. Let G = < X : R > 
be a presented group, where X is the finite generator set of the group G and R is 
the relation on G, as the set of all relators. Denote the corresponding group von 
Neumann algebra by L(G). Then each operator a e L(G) has its Fourier expansion 

(1.1) a= J2 a g9, f° r a g G C. 

sec 

Note that we can regard g in (1.3) as X g , for all g G G, where A is the left regular 
representation. Remark that g* = for all g G G, in L(G), and hence each 
operator g G £(G) is unitary. For the group von Neumann algebra L(G), we can 
define the canonical trace tr by 

(1.2) tr(a) d = tr\ £ a ff g = o eG , 

for all a G L(G), where eo is the identity of the group G. 



Definition 1.1. Let G = < X : i? > 6e the presented group and L(G), the corre- 
sponding group von Neumann algebra. The algebraic pair (L(G),tr) is called the 
presented group W* -probability space, where tr is the canonical trace given in (1.2). 
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The operators in (L(G),tr) are called the random variables. Let a £ L(G). Then 
the n-th moments of a is defined by 

tr(a n ), for all neN. 
Now, we have our free probabilistic objects of this paper. 



2. Moments of The Block Operators in Group von Neumann Algebras 



Throughout this chapter, let G = < X : R > be the fixed presented graph with 
its generator set X and its relation R 

X = {x\, ...,x N } 

and 

R = {n, ...,r M }, 

where M, N e N. In this chapter, we will compute the moments of block oper- 
ators T x = x + x^ 1 , for x,x~ x £ X, for j = 1 , N. 

Definition 2.1. Let G = < X : R> be a presented group with its generator set X 
— {x\, xjy} and its relation R = {r\, Tm}, where M, N £ N and n, Tm 
are relators, as elements in X* . The operators Tj are block operators in the group 
von Neumann algebra L(G), if 

Tj = Xj + xj 1 , for all j = 1, ...,N. 



2.1. Moments of Block Operators. 



Let Y be an arbitrary set. Then we can define a set Y', consisting of all free 
words in Y. This set Y' is called the free set of Y. Let G = < X : R > be the finitely 
presented group with 

X = {xi, ...,x N } and R = {n, r M }- 

Define the set X* be the free monoid (X U X" 1 )' of the set X U X' 1 . Notice 
that, there exists the surjective (monoid) homomorphism 7r : X* — > G and, for any 
group element g in G, there exist words w g in X* satisfying that 7r(w g ) = g in G. 
It is easy to see that a corresponding word w g of g is not uniquely determined. We 
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say that such words w g € it 1 (g) of g 6 G are combinatorial forms of g. Let w g = 
Xj*...x?j" G X* be a combinatorial form of g G G, where 

(ji, j n ) G {1, A^}" and (p!, p n ) G {±1}". 

For convenience, we denote the word xj^ n ...xj^ 1 by to" 1 . Notice that w~ 1 G 
Tr- 1 ^- 1 )^^*. 

Now, fix the generators Xj G X and the block operator Tj = + xj 1 . Consider 
the n-th moments tr (T™) of Tj, for all in G N. It is easy to see that 



,E5T=iP* 

(pi,..., Pm )€{i ,-i} m ' " (pi,..., Pm )e{i 



(2.1) r™= E (zf---*T) = £ 



for all m G N. Notice that each word j^ k = lPk — x Pl ■ ■ ■ x Pm is regarded as an 
element in the free monoid X* . i.e., without loss of generality, we can consider the 
summands of T™ as elements in the free monoid X* . 

Lemma 2.1. Let Tj = Xj + xj 1 be a block operator of the generator Xj G X. If 
there is no nj G N such that x™ J G R, then 



tr(T? 



if m G 2N 
!/mG2N-l, 



where ( £ ) = fc! ( "i fc)! . V 



Proof. Assume that there is no relator r t £ R and G N such that r t — x™ 3 in R 
C X*. Then, by (2.1), we have that 



tr(Tp)=tr[ E xf*= lPk 

V(pi,...,p m )€{l ,-!}"• 



= *r( E xp= lPfc 



v (piv,Pm),EJLlP3=° 



*M E e G 

\(pi,-.-,Pm)>E™=lPj=0 / 

|{(pi,...,Pm)G{l,-l} n :ELiPi=0}l 
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m 



The last equality holds because, to make EfcLi Pk — 0> the same number of +l's 
and — l's should be appeared in the sequence (pi, ...,p m ). It is easy to see that if m 
is odd, then the set 

{(pi,...,Pm)e{i,-i}":Efc=ift- = o} 

is empty. Therefore, all odd moments of Tj vanish. | 

Now, we assume that there is a relator r t G R such that r t — x™ 3 , for rij G N, 
as a free word in X* . Clearly, the relator r t is a combinatorial form of ea (i.e., 
n(r t ) = ea) in the group G and the length \r t \ of r t in X* is rij. Also, notice that if 
r t G R, then the words w f ro _1 and wr^'w" 1 are also combinatorial forms of bg, 
for all words w and to in X* . By (2.1), we have that 

rpm _ X- k=1 
(pi,...,p m )e{l ,-!}"* J 



If m = rij , then 



(2.2) 



E 

(p 1 ,...,p n .)e{i,-i} n i,( Pl ,...,p n ,) 7 s(±i,...,±i) 



2e G + E 

(pi,...,p nj )e{i -i} n 3,(pi,...,p„ j ) 7 t(±i,...,±i) 



Xj 



By the above formula (2.2), we can get the following lemma ; 

Lemma 2.2. Let xj G X and assume that there exists t G {1, ...,M} swc/i £/iai r t 
= x™ 3 , /or rij G N. T/ien 



and 



( 2 



m 

m 
2 



2 4 ( | 



/or all even m < rij 

for all odd m < rij 
if rij G 2N — 1 

if rij G 2N. 
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Proof. The first formula is trivial, by the previous lemma. 

Suppose that rij is an odd number in N. Then, by (2.2), we have that 



x , 



Tp =2e G + 

(pi,...,p„ i )€{l,-l} n ^(pi,...,p„J^(±l,...,±l) 



E 



Since rij is an odd number, we cannot find the sequence (pi, ■■■,p nj ) in {±1}' 
satisfying that Efc=i Pk = 0- So, we cannot find the ec-terms in the summand 



E 



XtiiPfc 



(pi,...,p„ 3 .)e{i -l}^,(pi,...,Pn 3 )^(±l,-,±l) 

of T™ 3 . Thus if is an odd number, then tr (T™ 3 ) = 2. 

Now, assume that rij is an even number in N. Then, again by (2.2), we have that 



tr (T" 3 ) =2 



E 



tr x 



(pi,...,p„ J .)£{l,-l} n ^(Pi,---,P«.,)#(±l,...,±l) 

2+|{( Pl ,...,p n .)G{±l}^ :EfcliPfe = 0}| 



=2+i q 



Now, suppose that m > rij. There are two cases 

(i) m = k\rij + k 2 , where 1 < k 2 < rij or 

(ii) m = krij, for some k G N. 



Lemma 2.3. Let Xj G X and assume that there exists t G {1, ...,M} such that r t 
= Xj 3 , for rij G N. Then 

(1) If m = knj , for k G N, then 
tr(Tp) 

(2) If m = k\nj + k 2 , for k\,k 2 G N and if 1 < k 2 < nj, then 
tr (Tp) = 2 kl 





k ' 




knj 




k 

. 2 _ 


) + 


knj 
- ~~T~ - 



in 




' fcl " 


m 




fci 


. 2 _ 




. 2 . 
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where 



def 



if t is even 
if t is odd. 



Proof. (1) Let (pi, ...,p m ) £ {±l} m , where m = krij is sufficiently big number in 
N, where k, tij e N. Define subsequences 



\ 



1, ,1 

y rij -times J 



( 



and i_ = 



\ 



-1, 



,-1 



\ nj-timcs J 



Since m = knj, there exists a sequence P — (pi, ...,p m ) such that 

P = (i n , ....,U k ) , for h, ...,i k e {+, -}. 
We define the set Wj, consisting of such sequences, i.e., 

(2.3) Wj :ii,.-,ifc G {+, -}}• 

Note that, for i + , we have x" J = r tj and, for i , we have x'j ™ 3 = r^ 1 in X*. 
Thus, we can get that 

(2.4) \Wj\=2 k and 

( 2 -5) SfcLiPfc = where p = 1 or ... or fc, 

for all (pi, ...,p m ) in Wj. We will define a subset Wj of the set Wj (if exists) by 
(2.6) 



W'= I 



— ••• — *jfc — +i 

2 

, i ifc ) : *«i = ••• = = _ ) 

{ijj , } U {i Sl , i SjL } = {ii, i k } 



Then Wj C Wj and, since there are same numbers of +'s and — 's, we can have 



(2.7) 



\W'\ 

I vr 31 



if the nonempty subset Wj exists in Wj . (It is easily see that if k is even, then Wj 
exists in Wj. And if fc is odd, then Wj is empty.) Define the subset So of sequences 
in {±l} m by 
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So = {(pi, ..., Pm ) G {±l} m : J2T=iPk = 0}. 
Then, by (2.6), W< C 5 . In fact, 
(2.8) S a U W 3 = S and (W^ \ Wj) n 5 = 0. 
Assume that fc is even. Then 



tr(Tp)=tri E x f T = lPk 

V(pi,-,Pm)e{±i}- 



tr[ E 



+tr\ E 

\(Pl,---,P m )6{±l} m , (pi,...,Pm)eS 



Er=iPfc 



= |Wj \ VKj| +tr E e G 

\(pi,...,p m )e{±i}'", (pi,...,p m )es , 

where is defined in (2.3), by (2.8) 



= f 2*' - 
(2.9) 



|5o| 



m 

m 
2 



2 k - 



if m is even 



if m is odd 



where fc G 2N and m G N. Now, let's suppose that k is an odd number greater 
than 1 in N. Then we can have that 

(2.10) Wj = and W 3 D S = 

Therefore, by (2.10), we have that 



tr(T™)=trl E xf*= lPk 

\(pi,-,Pm)€Wj 
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+tr £ x 

V(pi,---,p™)e{±i} m : (pi,-,Pm)eSo 



E e G 

(pi,...,p m )e{±i} m , (pi,...,p m )es , 



= |W,-| + |So| 



(2.11) 



= < 



2 fe 
2 fc 



m 

m 
2 



Now, define a new notation 



if m is even 
if m is odd. 



if i € 2N 

if t e 2N- 1. 

Then the formuli (2.9) and (2.11) can be shortened by 

\ 3 ) 



def 



tr 



(V- 


k ' 




krij 




k 


) + 


krij 




. 2 _ 




- ~T~ - 



(2) Let's assume that m — k\rij + fe, where rij \ ki and 1 < k2 < rij. By (2.1), 
we have that 

(pi,..., Pm )e{±i} m 

Let's regard the summands a;^™=i Pfe as free words in the free monoid X*. Then 
there is a set 

So = {(pi, ..., Pm ) g {±ir : Er=iPfc = o} 



with its cardinality \Sq\ 



rn 

ffl 
2 



. Now, define a set of free words W 3 by 
W^j^,...,^)-^,...,^)): }, 

where i+ and i arc defined in (1) and means the insertion, i.e., the sequence 
((pt 1 ,...,Pt* 2 )~» (iii.-.iinj) 
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is the free word in X* with its length m = kmj + k 2 . For example, 
(Oi) ~> 

is 

or (pi,i+,i+) or . 
where m = 2n^ + 1. Define the subset Wl of (if exists) by 

W L =i((Pti,->Pt k3 )'^(U 1 ,-,U kl )) ■■T,iL 1 Pn =0}. 

Let's assume that W£ exists. Then we can define the subset Wj^ (So) of W% by 

where W^' is defined in (1). It is easy to see that if both k\ and fc 2 are even, then 
Wl exists in Wj! . Then 



K 2 



(2.12) 

(2.13) Wi 2 {S ) 



2 kl 



k 2 

2 



fci 
2 



+ 



fc 2 

fc2 

2 



(2.14) l<(So)USo = So, 

(2.15) | So \ Wt(So) 
By (2.12) and (2.15), we can compute that ; 





m 




' ki ' 




' k 2 ' 






m 
. 2 _ 




fci 

. 2 _ 


+ 


. 2 _ 


) 



tr(T? n )=tr[ £ a;Sr=iP« 

V(pi,-,Pm)e{±l}'" 



v (Pl>->Pn)eWj* 2 



+//■ i J2 ^™= iP " 

(pi,...,p m )GSo\ ^4 (So) 



So \ Wl 2 (S ) 
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^ - 

2 kl + 



k 2 

k2 

2 



m 

m 
2 



ki 
hi 

2 



k 2 

k2 

2 



m 




' ki ' 


m 




fci 


. 2 _ 




. 2 . 



Remark that, by the previous lemma, we have that if k = 1, then, 
tr (T" J ) = (V - 

By the previous lemmas, we can get the following theorem ; 

Theorem 2.4. Let G = < X : R > be a finitely presented group with its generator 
set X = {x\, xjv} and its relation R — {n, rj,/}. Fix a generator Xj G X 
satisfying that r t = x™ 3 , for some rij G N \ {!}, where r t G R. Then 



m 

m 
2 



(1) ifm< rij, then tr (T™) = 

(2) if m = krij, for k G N, then 

tr(Tp) 

(3) if m = k\rij + k 2l for ki e N and 1 < k 2 < rij, then 

tr (T™) = ( 2 fel 





k ' 




m 


k 

. 2 _ 


) + 


m 
. 2 . 



□ 



fei 

2 



+ 



m 

m 
2 



We will finish this chapter with the following remark ; 

Remark 2.1. Let G = < X : R > be a finitely presented group with its generator 
set X = {xi, xn} and the relation R — {ri, tm} and let's fix a generator 
Xj G X and the corresponding block operator Tj = Xj + xj 1 . Suppose there exist 
r t G R and nj G N such that r t = x™ 3 . Then, by (2) and (3) of the previous theorem, 



tr{Tp) 



m 

m 
2 

2 fei 





) + 


m 


fei 


m 


. 2 _ 




. 2 . 



if m < rij 
ifm> rij, 
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where m = k\Uj + k 2 , for k\ £ N and k 2 £ N U {0}. □ 



2.2. Identically Distributedness. 

By the previous section, we have that if G = < X : i? > is a finitely presented 
group and if x £ X, then 

(i) if there exists n £ N such that x n = r, for r £ R, then 



tr (T m ) = < 



m 

m 
2 

2 fei _ 







m 


fel 


m 


. 2 _ 




. 2 . 



if to < n,- 



if to > no- 



where to = fcin + fc 2 , for fci e N and fc 2 G N U {0}, and 

(ii) if there is no n £ N such that r = x n , for all r £ R, then 



tr(T m ) = 



m 

m 
2 



, for all m G 



The above formuli directly proves the following theorem ; 

Theorem 2.5. Let Gi — < X% : Ri > be finitely presented groups, for i = 1,2, and 
assume that Xi £ Xi are generators of Gi, for i = 1,2. If there are relators ri £ Ri 
and n £ N such that ri — x", for all i = 1, 2, t/ien i/ie WocA; operators {xi + x^ 1 ) 
of the group von Neumann algebras L(Gi), i = 1, 2, are identically distributed. 



Proof. By (i) and (ii) in the previous paragraph, case by case, we can get that 
tr(T[ n ) = tr(T 2 m ), for all m £ N. 



In the above theorem, G\ and G 2 are not necessarily distinct, i.e., suppose 
that we have a finitely presented group G = < X : R > and its generators Xi, 
x 2 in X satisfying that x" and x 2 are relators in R. Then the block operators 
(x\ + x^ 1 ) and (x 2 + x^ 1 ) are identically distributed in the group von Neumann 
algebra, L(G). 



The following theorem is proved, similarly ; 
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Theorem 2.6. Let Gi = < : J?j > be finitely presented groups, for i = 1,2, 
and assume that Xt € X { are generators of Gi, for i = 1,2. Suppose that there is 
no numbers n\ , n 2 € N suc/i iftai a;™ 4 G for i = 1, 2, £/ien t/ie Wocfc operators 
Xi + x^ 1 in L(Gi) are identically distributed. □ 
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